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EXPRESSIONS FOR THE G-DRAZIN INVERSE IN
A BANACH ALGEBRA
HUANYIN CHEN AND MARJAN SHEIBANI
Abstract. We explore the generalized Drazin inverse in a
Banach algebra. Let A be a Banach algebra, and let a, b ∈ Ad.
If ab = λapibabpi then a + b ∈ Ad. The explicit representation
of (a+ b)d is also presented. As applications of our results, we
present new representations for the generalized Drazin inverse
of a block matrix in a Banach algebra. The main results of
Liu and Qin [Representations for the generalized Drazin in-
verse of the sum in a Banach algebra and its application for
some operator matrices, Sci. World J., 2015, 156934.8] are
extended.
1. Introduction
Throughout the paper, A is a complex Banach algebra with an
identity. The commutant of a ∈ A is defined by comm(a) = {x ∈
A | xa = ax}. An element a in A has g-Drazin inverse (that is,
generalized Drazin inverse) provided that there exists b ∈ comm(a)
such that b = bab and a − a2b ∈ Aqnil. Here, Aqnil is the set of all
quasinilpotents in A, i.e.,
Aqnil = {a ∈ A | 1 + ax ∈ U(A) for every x ∈ comm(a)}.
For a Banach algebra A we have
a ∈ Aqnil ⇔ lim
n→∞
‖ an ‖
1
n= 0⇔ 1 + λa ∈ U(A) for any λ ∈ C.
We use Ad to denote the set of all g-Drazin invertible elements in A.
As it is well known, a ∈ Ad if and only if there exists an idempotent
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p ∈ comm(a) such that a + p is invertible and ap ∈ Aqnil (see [10,
Theorem 4.2]). The objective of this paper is to further explore the
generalized Drazin inverse in a Banach algebra.
The g-Drazin invertibility of the sum of two elements in a Banach
algebra is attractive. Many authors have studied such problems
from many different views, e.g., [3, 4, 6, 7, 11, 13, 15, 17]. In
Section 2, we investigate when the sum of two g-Drazin invertible
elements in a Banach algebra has g-Drazin inverse. Let A be a
Banach algebra, and let a, b ∈ Ad. If ab = λapibabpi , we prove that
a+ b ∈ Ad. The explicit representation of (a+ b)d is also presented.
This extends [11, Theorem 4] to more general setting.
It is a hard problem to find a formula for the g-Drazin inverse of a
block matrix. There have been many papers on this subject under
different conditions, e.g., [6, 5, 9, 14, 16]. Let M =
(
A B
C D
)
∈
M2(A), A and D have g-Drazin inverses. If a ∈ A has g-Drazin
inverse ad. The element api = 1 − aad is called the spectral idem-
potent of a. In Section 3, we are concerned with new conditions
on spectral idempotent matrices under which M has g-Drazin in-
verse. If BD = λ(BC)piABDpi and CA = λ(CB)piDCApi, we prove
that M ∈ M2(A)
d. The formula for Md is given as well. This
extends [11, Theorem 10] to the wider case.
Finally, in the last section, we present certain simpler represen-
tations of the g-Drazin inverse of the block matrix M . If BD =
λApiAB,DC = λ−1DpiCAApi and BC = 0, then M ∈M2(A)
d and
Md =


Ad (Ad)2B +
∞∑
n=0
AnB(Dd)n+2
C(Ad)2 Dd + C(Ad)3B +
∞∑
n=0
∞∑
k=0
Dk−1CAn−kB(Dd)n+2

 .
Let p ∈ A be an idempotent, and let x ∈ A. Then we write
x = pxp+ px(1− p) + (1− p)xp + (1− p)x(1 − p),
and induce a Pierce representation given by the matrix
x =
(
pxp px(1− p)
(1− p)xp (1− p)x(1− p)
)
p
.
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We use A−1 to denote the set of all invertible elements in A. λ
always stands for a nonzero complex number.
2. Additive results
In this section we establish some additive properties of g-Drazin
inverse in Banach algebras. We begin with
Lemma 2.1. Let
x =
(
a 0
c b
)
p
or
(
b c
0 a
)
p
Then
xd =
(
ad 0
z bd
)
p
, or
(
bd z
0 ad
)
p
,
where
z = (bd)2
( ∞∑
i=0
(bd)icai
)
api + bpi
( ∞∑
i=0
bic(ad)i
)
(ad)2 − bdcad.
Proof. See [3, Lemma 2.1]. 
Lemma 2.2. Let A be a Banach algebra, and let a, b ∈ Aqnil. If
ab = λba, then a+ b ∈ Aqnil.
Proof. See [2, Lemma 2.1] and [8, Lemma 2.1]. 
Lemma 2.3. Let A be a Banach algebra, and let a ∈ Aqnil, b ∈ Ad.
If
ab = λbabpi ,
then a + b ∈ Ad and
(a + b)d = bd +
∞∑
n=0
(bd)n+2a(a+ b)n.
Proof. Let p = bbd. Then we have
b =
(
b1 0
0 b2
)
p
, a =
(
a1 a2
a3 a4
)
p
.
Hence,
bd =
(
b−11 0
0 0
)
p
and bpi =
(
0 0
0 1− bbd
)
p
.
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Since ab = λbabpi,, we get(
a1b1 a2b2
a3b1 a4b2
)
p
= ab = λbabpi =
(
0 λb1a2
0 λb2a4
)
p
.
Thus, a1b1 = 0 and a3b1 = 0, and then a1 = 0 and a3 = 0. Obvi-
ously, b2 = b − b
2bd ∈ ((1 − p)A(1 − p))qnil. Since ab = λbabpi,
we have abbd = λbabpibd = 0. Hence a(1 − bbd) = a ∈ Aqnil.
In view of Cline’s formula (see [12, Theorem 2.1]), we prove that
a4 = b
piabpi ∈ Aqnil. As a4b2 = λb2a4, by Lemma 2.2, we show that
a4 + b2 ∈ ((1− p)A(1− p))
qnil, i.e., (a4 + b2)
d = 0.
Since
a+ b =
(
b1 a2
0 a4 + b2
)
p
,
it follows by Lemma 2.1 that
(a+ b)d =
(
b1 a2
0 a4 + b2
)d
=
(
b−11 z
0 0
)
p
,
where z = (bd)2
( ∞∑
i=0
(bd)ia(a4 + b2)
i
)
. Since abbd = 0, we derive
(a+ b)d = bd +
∞∑
n=0
(bd)n+2a(a + b)n.

Now we state one of our main results.
Theorem 2.4. Let A be a Banach algebra, and let a, b ∈ Ad. If
ab = λapibabpi,
then a+ b ∈ Ad and
(a + b)d = bpiad + bdapi +
∞∑
n=0
(bd)n+2a(a+ b)napi
+ bpi
∞∑
n=0
(a+ b)nb(ad)n+2
−
∞∑
n=0
∞∑
k=0
(bd)k+1a(a+ b)n+kb(ad)n+2
−
∞∑
n=0
(bd)n+2a(a+ b)nbad.
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Proof. Let p = aad. Then we have
a =
(
a1 0
0 a2
)
p
, b =
(
b11 b12
b1 b2
)
p
.
Since ab = λapibabpi, we have aadb = λadapibabpi = 0; hence, b11 =
b12 = 0. Thus,
a =
(
a1 0
0 a2
)
p
, b =
(
0 0
b1 b2
)
p
,
Hence,
ad =
(
ad1 0
0 0
)
p
, bd =
(
0 0
(bd2)
2b1 b
d
2
)
p
.
Thus, we have
api =
(
0 0
0 1− aad
)
p
, bpi =
(
1 0
−bd2b1 b
pi
2
)
p
.
Clearly, a2 = (1−p)a(1−p) = a−a
2ad ∈ Aqnil. Since (1−aad)b =
b ∈ Aqnil, it follows by Cline’s formula that b2 = a
pibapi ∈ ((1 −
p)A(1− p))d. As ab = λapibabpi, we have(
0 0
a2b1 a2b2
)
= ab = λapibabpi
= λ
(
0 0
b1a1 − b
d
2b1 b2a2b
pi
2
) ,
and then
a2b2 = λb2a2b
pi
2 .
In view of Lemma 2.3,
(a2 + b2)
d = bd2 +
∞∑
n=0
(bd2)
n+2a2(a2 + b2)
n.
By virtue of Lemma 2.1, we have
(a+ b)d =
(
ad1 0
z (a2 + b2)
d
)
=
(
ad 0
z (a2 + b2)
d
)
,
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where
z = (a2 + b2)
pi
( ∞∑
i=0
(a2 + b2)
ib(ad)i
)
(ad)2 − (a2 + b2)
dbad.
We easily see that a2b
d
2 = (λb2a2b
pi
2 )(b
d
2)
2 = 0; hence,
(a2 + b2)
pi = (1− aad)− b2b
d
2 −
∞∑
n=0
(bd2)
n+1a2(a2 + b2)
n
= bpi2 −
∞∑
n=0
(bd2)
n+1a2(a2 + b2)
n.
Moreover, we have
z =
∞∑
i=0
bpi2 (a2 + b2)
ib(ad)i+2
−
∞∑
n=0
∞∑
i=0
(bd2)
n+1a2(a2 + b2)
n+ib(ad)i+2
− bd2ba
d +
∞∑
n=0
(bd2)
n+2a2(a2 + b2)
nbad.
Clearly, adb = abd = 0, we easily check that(
ad 0
−bd2b1a
d 0
)
= bpiad,(
0 0
bpi2 (a2 + b2)
ib(ad)i+2 0
)
= bpi(a+ b)ib(ad)i+2,(
0 0
(bd2)
n+2a2(a2 + b2)
nbad 0
)
= (bd)n+2a(a+ b)nbad,(
0 0
(bd2)
n+1a2(a2 + b2)
n+ib(ad)i+2 0
)
= (bd)n+1a(a+ b)n+ib(ad)i+2.
Moreover, we have (
0 0
0 bd4
)
= bd(1− aad),(
0 0
0 (bd4)
n+2a2(a2 + b4)
n
)
= (bd)n+2a(a + b)n.
Therefore we easily obtain the result. 
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Example 2.5. Let A =M3(C) and let
a =

 0 0 01 0 0
0 1 0

 , b =

 0 0 01 0 0
0 2 0

 ∈ Ad.
Then ab = 1
2
apibabpi, while ab 6= apibabpi.
Proof. It is clear that a3 = b3 = 0, then ad = bd = 0 which implies
that api = bpi = I3.
ab =

 0 0 00 0 0
1 0 0

 = 1
2
apibabpi,
while apibabpi =

 0 0 00 0 0
1 0 0

 6= ab. 
3. Block operator matrices
In this section, we we turn to study the g-Drazin inverse of the
block matrix M by applying Theorem 2.4. We now derive
Theorem 3.1. Let M =
(
A B
C D
)
∈ M2(A), A and D have g-
Drazin inverses. If BD = λ(BC)piABDpi and CA = λ(CB)piDCApi,
then M ∈M2(A)
d and
Md =
(
Ad(BC)pi ApiB(CB)d
DpiC(BC)d Dd(CB)pi
)
+
∞∑
n=0
(P d)n+2QMnQpi
+ P pi
∞∑
n=0
MnP (Qd)n+2
−
∞∑
n=0
∞∑
k=0
(P d)k+1QMn+kP (Qd)n+2
−
∞∑
n=0
(P d)n+2QMnPQd.
Proof. Clearly, we have M = P +Q, where
P =
(
A 0
0 D
)
, Q =
(
0 B
C 0
)
.
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Then we have
P d =
(
Ad 0
0 Dd
)
, P pi =
(
Api 0
0 Dpi
)
;
Q2 =
(
BC 0
0 CB
)
, (Q2)d =
(
(BC)d 0
0 (CB)d
)
.
By using Cline’s formula, we get
Qd = Q(Q2)d =
(
0 B(CB)d
C(BC)d 0
)
.
Hence,
Qpi =
(
(BC)pi 0
0 (CB)pi
)
.
Clearly,
PQ =
(
0 AB
DC 0
)
,
QP =
(
0 BD
CA 0
)
,
and so
QpiPQP pi =
(
0 (BC)piABDpi
(CB)piDCApi D
)
.
By hypothesis, we have
QP = λQpiPQP pi.
According to Theorem 2.4, M has g-Drain invesse. The represen-
tation of Md is easily obtained by Theorem 2.4. 
Corollary 3.2. Let M =
(
A B
C D
)
∈ M2(A), A and D have
g-Drazin inverses. If BD = λABDpi, CA = λDCApi and BC = 0,
then M ∈M2(A)
d and
Md =
(
Ad 0
0 Dd
)
+
∞∑
n=0
(P d)n+2QMn.
Proof. Since BC = 0, we see that (BC)pi = I = (CB)pi. Moreover,
we see that
(BC)d = 0, B(CB)d = B(CB)((BC)d)2 = 0, Qd = 0, Qpi = I.
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This completes the proof by Theorem 3.1. 
In a similar way as it was dong in Theorem 3.1, using the another
splitting, we have
Theorem 3.3. Let M =
(
A B
C D
)
∈ M2(A), A and D have g-
Drazin inverses. If AB = λApiBD(CB)pi andDC = λDpiCA(BC)2,
then M ∈M2(A)
d and
Md =
(
(BC)piAd B(CB)dDpi
C(BC)dApi (CB)piDd
)
+
∞∑
n=0
(Qd)n+2PMnP pi
+ Qpi
∞∑
n=0
MnQ(P d)n+2
−
∞∑
n=0
∞∑
k=0
(Qd)k+1PMn+kQ(P d)n+2
−
∞∑
n=0
(Qd)n+2PMnQP d.
Proof. Construct P and Q as in Theorem 3.1, we have
PQ =
(
0 AB
DC 0
)
,
P piQPQpi =
(
0 ApiBD(CB)pi
DpiCA(BC)pi 0
)
.
By hypothesis, we see that PQ = λP piQPQpi. This completes the
proof by Theorem 2.4. 
As a consequence of the above, we derive
Corollary 3.4. Let M =
(
A B
C D
)
∈ M2(A), A and D have
g-Drazin inverses. If AB = λApiBD,DC = 0 and BC = 0, then
M ∈M2(A)
d and
Md =
(
Ad 0
0 Dd
)
+
∞∑
n=0
MnQ(P d)n+2.
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4. Certain simpler expressions
Let M =
(
A B
C D
)
∈ M2(A). The aim of this section is to
present certain simpler representations of the g-Drazin inverse of
the block matrix M in the case BC = 0 or CB = 0. We now come
to the main result of this section.
Theorem 4.1. Let A and D have g-Drazin inverses. If BD =
λApiAB,DC = λ−1DpiCAApi and BC = 0, then M ∈M2(A)
d and
Md =


Ad (Ad)2B +
∞∑
n=0
AnB(Dd)n+2
C(Ad)2 Dd + C(Ad)3B +
∞∑
n=0
∞∑
k=0
Dk−1CAn−kB(Dd)n+2

 .
Proof. Write M = P +Q, where
P =
(
AApi 0
0 D
)
, Q =
(
A2Ad B
C 0
)
.
Then
P d =
(
0 0
0 Dd
)
, P pi =
(
I 0
0 Dpi
)
.
Since BC = 0, we have
Qd =
(
Ad (Ad)2B
C(Ad)2 C(Ad)3B
)
, Qpi =
(
Api −AdB
−CAd I − C(Ad)2B
)
.
Since BD = λApiAB andBC = 0, we see thatBDC = (λApiAB)C =
0. As DC = λ−1DpiCAApi, we have
PQ =
(
0 ApiAB
DC 0
)
= λ−1
(
0 BD
DpiCAApi 0
)
= λ−1P piQPQpi.
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In view of Theorem 2.4, we have
Md = QpiP d +QdP pi +
∞∑
n=0
(Qd)n+2PMnP pi
+ Qpi
∞∑
n=0
MnQ(P d)n+2
−
∞∑
n=0
∞∑
k=0
(Qd)k+1PMn+kQ(P d)n+2
−
∞∑
n=0
(Qd)n+2PMnQP d.
Since BD = λApiAB, we see that AdBD = 0, and then
QdP =
(
Ad (Ad)2B
C(Ad)2 C(Ad)3B
)(
AApi 0
0 D
)
= 0.
Therefore
Md = P d +Qd +Qpi
∞∑
n=0
MnQ(P d)n+2.
Moreover, we have BDnC = 0 for any n ∈ N. Therefore
Qpi
∞∑
n=0
MnQ(P d)n+2 =


0
∞∑
n=1
AnB(Dd)n+2
0
∞∑
n=1
n∑
i=1
Di−1CAn−iBDn+2

 ,
as desired. 
Corollary 4.2. Let A and D have g-Drazin inverses. If CA =
λDpiDC,AB = λApiBDDpi and CB = 0, then M ∈M2(A)
d and
Md =


Ad +B(Dd)3C +
∞∑
n=0
∞∑
k=0
Ak−1BDn−kC(Ad)n+2 B(Dd)2
(Dd)2C +
∞∑
n=0
DnC(Ad)n+2 Dd

 .
Proof. Obviously,(
A B
C D
)
=
(
0 I
I 0
)(
D C
B A
)(
0 I
I 0
)
.
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Applying Theorem 4.1 to
(
D C
B A
)
, we see that it has g-Drazin
inverse and(
D C
B A
)d
=


Dd (Dd)2C +
∞∑
n=0
DnC(Ad)n+2
B(Dd)2 Ad +B(Dd)3C +
∞∑
n=0
∞∑
k=0
Ak−1BDn−kC(Ad)n+2

 .
Therefore
Md =
(
0 I
I 0
)(
D C
B A
)d(
0 I
I 0
)
,
as desired. 
Now we are ready to prove the other main theorem in this section.
Theorem 4.3. Let A and D have g-Drazin inverses. If AB =
λApiBD,DC = λDpiCA and BC = 0, then M ∈M2(A)
d and
Md =
(
Ad 0
0 Dd
)
+
∞∑
n=0
Mn
(
0 B(Dd)n+2
C(Ad)n+2 0
)
.
Proof. Write M = P +Q, where
P =
(
A 0
0 D
)
, Q =
(
0 B
C 0
)
.
Then
P d =
(
Ad 0
0 Dd
)
, P pi =
(
Api 0
0 Dpi
)
.
As BC = 0, we see that Q3 = 0, and so Qd = 0, Qpi = I. We easily
check that
PQ =
(
0 AB
DC 0
)
= λ
(
0 ApiBD
DpiCA 0
)
= λP piQPQpi.
Since Qd = 0, it follows by Theorem 2.4 that
Md = P d +
∞∑
n=0
MnQ(P d)n+2.
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Moreover, we have
∞∑
n=0
MnQ(P d)n+2 =
∞∑
n=1
Mn
(
0 B(Dd)n+2
C(Ad)n+2 0
)
,
as required. 
Example 4.4. Let M =
(
A B
C D
)
∈M8(C), where
A = D =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 , B = C =


0 0 1 0
0 0 0 3
0 0 0 0
0 0 0 0

 ∈M4(C).
Then
AB = 3ApiBD,DC = 3DpiCA and BC = 0.
Proof. As A,B,C,D are nilpotent, so Api = Bpi = Cpi = Dpi = I4.
It is clear by computing that
AB = 3ApiBD,DC = 3DpiCA and BC = 0.
In this case, AB 6= ApiBD. 
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